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Chapter 1

Fundamentals

1.1 Complex Numbers
Definition 1.1.1. The set of complex numbers C is defined where i> = —1 by
C={a+bi:abeR}
Definition 1.1.2. The complex conjugate of a complex number a + bi = z € C denoted Z is defined as zZ = a — bi.
Definition 1.1.3. The norm of a complex number z € C denoted |z| is defined as |z| = v/2Z.
Theorem 1.1.1. Euler’s Formula states that for any real number ¢ € R,

e = cos ¢+ isin ¢

Proposition 1.1.1. Any complex number z € C can be represented in the form z = re®?.

Definition 1.1.4. The nth roots of unity are the complex numbers €27%/" for k =0,1,...,n — 1.

Definition 1.1.5. A field R is a set with two laws of composition denoted + and x that satisfy the following axioms:
e Identity J elements denoted 0,1 € R such that 1l xa=aand 0+a=a, Va € R.

e Additive Inverse For all a € R, there exists an element —a € R such that —a + a = 0.

Multiplicative Inverse For all nonzero a € F, there exists an element a~! € R such that a x a=! = 1.
e Associativity For all a,b,c € R, ax (bxc¢)=(axb)xcanda+ (b+c¢)=(a+b)+c.
e Commutativity For all a,b € R,axb=bxaand a+b=>b+a.
e Distributivity For all a,b,c € R, a X (b+¢) = (a x b) + (a X ¢).
Proposition 1.1.2. The complex numbers C is a field with multiplicative inverses z =1 = % for any z € C.
Proposition 1.1.3. R is a subfield of C.
Definition 1.1.6. A domain is an open and connected subset of C.
Definition 1.1.7. An element z € C is a limit point of a subset S C C if every neighborhood of z intersects S — {z}.
Definition 1.1.8. A subset S C C is
e open if for every s € S there is a neighborhood of s that is a subset of S.
e closed if every limit point of S is in S.

e bounded if for some real number M € R and a point z € C, S C B(z, M).

e dense in X C C if any z € X is a limit point of S.



1.2 Functions

Definition 1.2.1. A function f: A — B is a subset of X x Y such that Vx € X, 3 exactly one element y € B, (z,y) € f.
Definition 1.2.2. The domain of a function f: A — Bis {a € A: 3b € B such that (a,b) € f}.

Definition 1.2.3. The range of a function f: A — B is {b € B : Ja € A such that (a,b) € f}.

Definition 1.2.4. A function is a injective denoted f: A — B iff f(z) = f(u) =z =y.

Definition 1.2.5. A function is a surjection denoted f : A — B iff the range of f equals B.

Definition 1.2.6. A function is a bijection denoted f : A —» B iff it is both an injection and a surjection.

Definition 1.2.7. The limit of a function f as z — zp denoted lim, ., f(z) = wgp € Ciff V& > 0 36 > 0 such that
0<|z—mzo| <0 = |f(2) —wo| <e.

Definition 1.2.8. A function is continuous at zo € C iff lim, ., f(2) = f(20).

Definition 1.2.9. A function is continuous iff it is continuous at all points.

1.3 Differentiation

Definition 1.3.1. The complex derivative of a function f denoted %f(z) is defined

O . . fl+h) = f)
g,/ = i = ——

Definition 1.3.2. A function is differentiable iff the derivative exists for all z € C.

Proposition 1.3.1. If f(z +iy) = u(x + iy) + iv(x + ty) is differentiable if and only if the partial derivatives exist and the
Cauchy-Riemann equations hold

ou Ov ou ov

or oy oy o
Definition 1.3.3. A function f is analytic on an open set S C C iff f is differentiable at every point s € S.

Definition 1.3.4. A set S is connected iff any two points a,b € S there exists a continuous function p : [0,1] — S such
that p(0) = a and p(1) = b.

Theorem 1.3.1. If f is analytic on S C C and d%f(z) = 0 for all z € S, then for some constant a € C, f(z) = a for all
z€ 8.

1.4 Harmonic Functions

Definition 1.4.1. A function f: D — R? is harmonic where D C R? iff f is C? continuous and
o2 0?
7‘]0 + 7f — 0
ox2 = 0y?

Theorem 1.4.1. A function f = u +iv : C — C is analytic on D C C and u,v are C? continuous on D if and only if v and
v are harmonic on D.

Definition 1.4.2. Two functions u,v : C — R are harmonic conjugates on D C C iff f = u + v : C — C is analytic on
D and u, v are C? continuous on D.

1.5 Polynomials

Definition 1.5.1. A degree n polynomial is a function p : C — C defined by

p(z) = Z amz™

m=0

Definition 1.5.2. A éxtbfrational function is a function p/q : C — C where p and ¢ are polynomials defined by

Definition 1.5.3. A function is A-periodic on a subset of S C C iff
f(z)=f(z+X) VzeS

Proposition 1.5.1. e* is 27i periodic.



1.6 Standard Functions

Definition 1.6.1. The sin and cos functions sin, cos : C — C are defined

eiz +e*iz

cos(z) = SR

) eiz _ efiz
sin(z) = %

Proposition 1.6.1. The sin and cos functions are 2w-periodic.

Definition 1.6.2. The argument function arg, : C — (7,7 + 27] is defined for z € C by z = |z|e?8-(?)
Definition 1.6.3. The standard argument function Arg: C — (—m, 7] is defined as Arg(z) = arg_,(z).
Definition 1.6.4. The logarithm function log, : C — {0} — C is defined as log(z) = In |2| + iarg.(2).
Definition 1.6.5. The standard logarithm function Log : C — {0} — C is defined as Log(z) = In|z| + iArg(z).
Definition 1.6.6. The exponential function A : C?> — C is defined for (o, 3) € C? as

of — (Bloga) _ Bloglal+iarg(@) _  Blloglal+iarg(a)+i2nk)

Definition 1.6.7. The standard exponential function A : C?> — C is defined for (o, 3) € C? as

of — eBlos(e) _ B(Loglaltiara(a)) _ ,B(Logla| +iArg(a)+i2nk)
Proposition 1.6.2. For any log, : C — {0} — C and any z1, 23 € C,
log, (2122) = log, (21) + log,(22)

IOgT(Zl/ZQ) = log‘r(zl) - IOgT(ZQ)

Theorem 1.6.1. The standard logarithm function is analytic on C — (—o0,0] and %Log(z) =1

1.7 Integration

Definition 1.7.1. The complex integral denoted fab f(®)dt of a continuous complex function f : [a,b] — C such that

f(®) = u(t) +iv(t) is defined \ \ \
/ F(t)dt :/ u(t)dt—i—z’/ o(t)dt

Theorem 1.7.1. The Fundamental Theorem of Calculus states that for any function ¢ : [a,b] — C if there exists
F :[a,b] = C such that F'(t) = f(¢), Vt € [a, b], then

b
/ f(t)dt = F(b) — F(a)

Definition 1.7.2. A smooth curve is a function f : [a,b] — C, f = u(t) + iv(¢) iff
e f has a continuous derivative.
e f’ is non-zero.
Definition 1.7.3. A smooth closed curve is a smooth curve f : [a,b] — C such that
o f(a) = F(b), f'(a) = ['(D).
e f is bijective on [a,b).
Definition 1.7.4. A directed smooth curve is a smooth curve f : [a,b] — C where a is declared as the initial point.
Definition 1.7.5. A directed smooth closed curve is a smooth curve that is both directed and closed.

Definition 1.7.6. The integral over a curve « with any parameterization g, : [a,b] — C that is a directed smooth curve
of a functoin f: C — C is defined

A f()dz = / " fle)g



Definition 1.7.7. A contour is a finite collection of smooth curves connected at initial and final points.
Definition 1.7.8. A loop contour is a contour I : [a,b] — C such that I'(a) = T'(b).

Definition 1.7.9. A simple contour is a contour I' : [a, b] — C where there does not exist an element (¢1,t2) € [a,b] X (a,b)
such that T'(¢1) = I'(t2).

Definition 1.7.10. The integral over a contour 7 with component curves {71,...,7,} of a function f : C — C is defined

/Ff(z)dz = Z f(z)dz

Theorem 1.7.2. Let D be a domain. If continuous function f : D — C has an anti derivative F', then for any z;,zp € D
and any contour I' C D with initial point z; and final point zz the integral

/Ff(z)dz = F(zp) — F(z1)

Corollary 1.7.2.1. Integrals of closed contours on continuous functions with anti derivatives are zero.
Theorem 1.7.3. Let f be continuous in a domain D, the following are equivalent

e f has an anti-derivative.

e Integrals of closed contours are zero.

e Contours that share initial and final points are equivalent.

1.8 Interior and Exterior

Definition 1.8.1. The interior of a simple closed contour T' is the bounded subset Int(I") C C separated from C — Int(T")
by the contour I'.

Definition 1.8.2. The exterior of a simple closed contour I' is the unbounded subset Ext(I") C C separated from C—Ext(T")
by the contour TI'.

Theorem 1.8.1. The Jordan Curve Theorem states that any simple closed contour I' separates C into an interior and
exterior.

Definition 1.8.3. A contour I' is positively oriented iff the interior is to the left of a point traveling along I".
Definition 1.8.4. A contour I' is negatively oriented iff the interior is to the right of a point traveling along I'.
Definition 1.8.5. A domain D is simply connected iff VI' C D if T is a simple closed contour then Int(I") C D.

Theorem 1.8.2. Let D be a simply connected domain, I" be any simple loop contour, and f be any analytic function on D,

then
f f(z)dz=0
r

Definition 1.8.6. A contour I'y C D can be continuously deformed to another contour I'y C D iff there exists a
continuous function z : [0,1] x [0,1] — D such that

2(0,t) =Ty (¢), andz(1,t) =T (¢)

Theorem 1.8.3. For D domain, let I'g,I'y C D be closed contours such that I'y can be continuously transformed onto I'y
and f be an analytic function in D then

f(2)dz= ¢ f(z)dz
Ty Iy



1.9 Cauchy’s Integral Formula

Theorem 1.9.1. Cauchy’s Integral Formula states that for any analytic function f on a simply connected domain D, if
I’ C D is a simple closed positively oriented contour, then for any zg C Int(T),

f(")(zo) — ﬂ jg (f(z)dz

C2n z — zg)" 1

Theorem 1.9.2. Morera’s Theorem states that if f is continuous in a domain D such that
/ f(z)dz=0, VT loops in D
r

then f is analytic in D.

Proposition 1.9.1. Cauchy estimates states for f analytic on Br(zp),

|
(n) <
|f"™ (20)] < 7 Zergggio)If(Z)l

Theorem 1.9.3. If f is bounded and holomorphic on all of C, then f is constant.

Theorem 1.9.4. The Fundamental Theorem of Algebra states that every non-constant polynomial with complex
coefficients has at least one zero.



Chapter 2

Complex Series

2.1 Power Series

Theorem 2.1.1. Consider the power series

F(2) =) anlz = 20)"

n=0

there exists R > 0 such that
1. If R > 0 then the series converges to an analytic function for |z — 29| < R.

2. The series diverges for |z — z9| > R.

@

F(2) =300 jann(z — z0)" ! for |2 — 20| < R

N

. If T' C Bg(z0) is a contour then
/ f(z)dz = Z an/ (z — z9)"dz
r — Jr

Definition 2.1.1. The radius of convergence of a power series is the real number R > 0 such that the properties in the
previous theorem hold.

Theorem 2.1.2. Taylors Theorem states that for any analytic function f on domain D and zg € D for

(n)(20) 1
I L o)
Cry2(z0) (

n! nmi z — zg)"Hl

the series f(z) = Y07 an(z — 20)™ converges to f(z) for any z € Br(zp) C D.

Theorem 2.1.3. Let f be analytic on A = {z]|0 <r < |z — 2o|} then Vz € A
fz) = Z an(z — 20)" + Z a_n(z—20)""
n=0 n=1

for a, = %fr % for n = 0,1,2,... and where I' C A is any closed simple positively oriented contour with

zo € Int(T).
Theorem 2.1.4. A series of the form

oo
Z a_n(z—29)""
n=1

that converges on A defines an analytic function on A.
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