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0.1 The SI System

In physics it’s often important to have precisely defined units for the purposes of making very accurate measurements or
simply having a coherent unit system. It’s possible to derive all necessary units from five measurements of length, mass,
time, current, and temperature. The standard SI units for these properties are listed bellow:



Type Unit Definition
Length Meter(m) Length of distance light in a vacuum travels in m seconds
Mass Kilogram(kg) Defined by fixing the Planck’s constant h = 6.62607015 x 10™34kg m2s~1
Time Second(s) Defined by fixing the ground-state hyperfine transition frequency of the caesium-133
atom, to be 91926317705~ !
Current Ampere(A) Defined by fixing the charge of an electron as 1.602176634 x 107°A4 - s
Temperature Kelvin(K) Defined by fixing the value of the Boltzmann constant k to 1.380649 x 10~23kg - m2s 2K 1

Common prefixes are listed bellow:

Prefix | Symbol | Definition
mega M 10°
kilo k 103
milli m 1073
micro n 106
nano n 107°
pico P 10~12
femto f 10715

Additionally, the following are defined constants:
Symbol Definition
kp kg = 1.380649 x 10~ m?s 2K !
h h = 6.62607015 x 10~3*kgm?s!
h h= gt ~1.0546 x 10-%kg m?s~!

0.2 Introduction

Statistical mechanics is the probabilistic study of extremely complex systems. It seeks to describe the equilibrium or averages
behaviors of such systems. Very often in nature we deal with systems containing so many possible states that it would
be impossible to completely describe and calculate the expected behavior. By focusing on large measurable properties of
such systems and the average behavior of the microstates we can derive there behavior. With a combination of statistical
arguments and microscopic knowledge, statistical mechanics predicts the macro equilibrium properties, which can be used to
derive the laws of thermodynamics.

Thermodynamics is fundamentally connected with statistical mechanics and we will derive the laws of thermodynamics in
the book. For reference here are the laws of thermodynamics.

Law 0.2.1. The 0th Law of Thermodynamics - Thermal equilibrium is transitive. If system A and B are in equilibrium
and systems B and C are also in equilibrium, then systems A and C' are in equilibrium.

Law 0.2.2. The 1st Law of Thermodynamics - Heat is a form of energy. Let AFE be the change in energy, W be the
work done on the system, and @ the heat energy added to the system.

AE=W +Q

Law 0.2.3. The 2nd Law of Thermodynamics - Total entropy always increases. Let AD be the change in entropy and
Sy and S; be the final and initial entropy.
AS=8;-5>0

1
A = — = — I
S /Z T@Q Sy—8
Law 0.2.4. The 3rd Law of Thermodynamics - Absolute Zero. Let S be entropy and T be temperature.
lim S(T)=0
T—0

We will seek to derive each of these laws in this book. Additionally, the logarithm function is used very often in statistical
mechanics, we will used log to refer to the natural logarithm (aka log,).

0.3 Reference

A reference sheet is include on the next page. Click here (exam 1) or here (exam 2) for a pdf file


https://dracentis.github.io/pdfs/PHY410ReferenceExam1.pdf
https://dracentis.github.io/pdfs/PHY410ReferenceExam2.pdf

PHY 410 - Reference Sheet

Stirling’s approximation - for very large N
the factorial can be very accurately
approximated with the following

logN!~ Nlog N — N
N!x~V2rNNNe™N

Fractional uncertainty of X is uncertainty of
expected value per particle.

AX _ /(KB — (X)2

N N
Boltzmann’s constant
kp = 1.380649 x 10~ 23m2 s 2 K~!
Entropy S = kpo, oror = o1+ 02
Temperature T = 7/kp

Microcanonical Ensemble
Multiplicity function

P(n) = —
g9

Expected value of X is the average across all
microstates.

(%) = 3" X(n)P(n) = g S %(n)

g = # of microstates,

Entropy can be written in terms of the
multiplicity function.

o(N,T,U,V, P) = loglg(N,T,U,V, P)]

Binary System

A binary system is a system of N particles
where each particles has two possible states. Let
Ny is the number of particle in the up state and
N be the number of particles in the down state.

N al N
g(N, Np) = > g(N, Ny) =2
’ N3N — Ny)! N§O

The binary system can be rewritten in terms of
the differnce between up states and down states
this is the spin excess.

2S =Ny — N,
N!
g(N,S) = ———+—
F+9E -9
s=4
g(N, Ny) =2V
s=—%

Applying Stirling’s approximation to the binary
model, for large N the multiplicity function and
fractional uncertainty are

g(N, S) ~ g(N,0)e=2"/N

2 2
N,S) m | ——2Ne=27/N
g(N,S) 2 e

AS 1
N T VN
An example of a binary system is N spin 1/2
particles in an external magnetic field B. The
total energy U and magnetization M of the
system are

N
U= —ni-B=—(Ny— N)mB = —2SmB
i=1
M =2Sm=-U/B
N!

M = Nmtanh(mB/T)

Einstein Solid

An einstein solid is a system of N atoms where
each atom is modeled as a harmonic oscillator
the energy of the system is determined by the
number of atoms n oscillating at frequency w.

U = nhw
(n+N-1)!
9N.m) = N )

n N
ntN\" (ntN
g(N,n)%—( = ) ( - )
2mn(n+ N)/N
Thermal Equilibrium

Temperature
1 (80)
T \oU N,V

Thermal Equilibrium

(55) 0~ G2)
U N1, V1 U2 N2,V2

1 1

T1 T2
2nd law of thermo - Change in entropy > 0.
Sharpness of Equilibrium For a two binary
systems, the number of states in a configuration
of deviation ¢ from equilibirum is

_ 262 262
Ny Ng

9192 = (ngQ)mame(

Canonical Ensemble

Partition Function - partition by energy levels
for a fixed temperature

z= ZE_E“/T, P(n) = le_‘S”/T
z

z= Zg(ea)e_saﬁ, for degeneracy g(ea)
[e3

Expected Value of X is the average across all
energies (Thermal Average).

1
(X) = X(n)P(n) ==Y X(n)e /T
Expected Energy in the canonical ensemble is
1
U= ()= = ene En/T
€= Dene

10z o

2 2
—ZF 27

z 0T or 08%

The total partition function and expected energy
for N non-interacting particles is simply

U=()=r

Zn =2V
Un ={e)ny = NU1 = N{eh
(this also applies for expected value of any X)

Theromodynamic Relations
1st Law of Thermo

dU = dQ + dW = 17do — PdV

1 P
do = —dU + —dV
T T
Temperature 7 = (%—g)

Quasi-static Compression Equilibirum
the equilibrium condition for quasi-static
compression is

()., - ()
W)y \0V2/,,
Helmholtz Free Energy
F=U-7170=U-ST=—-7logz
dF = —odr — PdV
Entropy o = — (%—f)v, S =kpo
Pressure

(8U> (80) (6F>
P=—-|— =7 = =—\| ==
ov ), oV /)y ov ),
Energy
_ 20 (F
Us=-r or (T)
Ideal Gas

DeBroglie Thermal Wavelength is the
wavelength of the wave functions of matter at a
given temperature.

[orh2
Ap =48
mT

Concentration of a system is the inverse of the
volume

n= —

\%4
Quantum Concentration is the density of
quantum state per particle. It is used to define
when a system will behave classically (n << ng)
and when a system will be dominated by
quantum effects (n >> ng).

1
T

Single Particle Ideal Gas is a system in the
canonical ensemble consisting of a signle particle
in a box of side lengths L. The energy levels ,
partition function and average energy are

B omNzo, 2 2

Enz Ny Nz

2m \L
LV
1= =
Ap

3

Uy =2
1 27'

log<V>+3
o1 = —_ -
A3, 2

Gibbs Resolution states that for systems in
the classical regime the partition function for an
ideal gas with N particles is

1
~ (2N

N =
N7

3
Un==-N
N D) T

o[V 5
o 5
Slvad T2

N-Particle Ideal Gas - by applying Gibbs
resolution and properties of expected values we
can find the classical ideal gas results

PV =Nt

on =N

U=§NT
2

\% 5
UN|:10g<N>\3>+2
T

DOG (bork)

Kaedon.net /reference
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Boltzmann’s constant
kp = 1.380649 x 10723m?
Entropy S = kpo
Temperature T = 7/kp

sT2K1

Canonical Ensemble

Partition Function - partition by energy levels
for a fixed temperature

z= 2675"/7—,
n
z= Zg(a e

Expected Value of X is the average across all
energies (Thermal Average).

= ZX(n)'P(n) = %ZX(n)efE"/T

Expected Energy in the canonical ensemble is

1
S
z
n

1
U = (g) :7'2;2—?_ :TQaﬁTlogz

The total partition function and expected value
for N non-interacting particles is simply

1
P(n) = ;676"/7—

—€a/T  for degeneracy g(ea)

Zy =2
<X)N:N<X)1 = Un=NU;
Helmholtz Free Energy
F=U-7170=U—-ST=—-7logz
dF = —odr — PdV
Entropy o = — (a—F)V, S =kpgo

oT
(6i )7—
=

Pressure

), (3
v ), v )y

Energy U = 729 (E)

or 1

Thermal Radiation

Single Frequency Photon Gas is a system in
the canonical ensemble that considers photons of
a specific frequency w.

es = shw, s=0,1,2,3,.
—shw/T _
Z—ZE _1_67?10.)/7'
—shw/T
Pls) = =

Z Sefshw/-r _

ehw/-r -1

Photon Gas is an expansion of the single
frequency photon gas that considers all the
possible cavity modes. The modes are 2 fold
degenerate for the 2 independent polarizations.

_cm 2 2 5 _ cmn
Wn L,/n +n +nzZ —L

hwn, w2V 4
U= (e =2zn: /7 =1 = T
Stefan-Boltzmann Law
U h o0 w3 w2
= ), = m
Spectral Density Function
oU h w3

SwV — w2e3 ehw/T — 1
Flux Density (o p=Stefan-Boltzmann constant)
1cU 4 w2 4
J =oBT = T
HTav 08 60(hc)?

Phonons in a Solid (Debye Model)

Phonons in a solid is a system in the canonical
ensemble that is very similar to thermal
radiation except there is 3 fold degeneracy from
3 polarizations of phonons and an upper cutoff
frequency wp due to the separation distance
between atoms.

mecs 2 2 2 TCs
Wn = ——/ng +ng +ni = n
L z v z L

Debye cutoff frequency
612N 1/3 TCcg
wp = ¢ , Wp=-—mn
D S v D 7 "D

Grand Canonical Ensemble
Chemical Potential

_ ( oF )
me ON T,V

NX3

,u7—10g< T) :Tlog<i)
\% nQ
((’9U> ( o )
=\ == = —7| —
ON /), v ON )y v
Grand Partition Function - partition by

energy levels for a fixed temperature and all
possible values of N

2=3" 3 e -um/r

N n(N)

1

P(N,en) = Zem(en —uN)/T
7z,

Fugacity
A= e“/"'
S S W
s(N) N

Expected Value of X is the average across all
energies (Diffusive Average).

= 1 X:X:X(N7 s)ef(8
4 N s

NouNy/r

Expected Number of Particles in the grand c=N |:10g nQ + ?] , F=Nr |:10g "o 1}
n

canonical ensemble is 2 nQ
. 0 0 Heat Capacity measures the change in heat
N=(N)= Ta logz = )\3)\ logz, energy per unit temperature
Expected Energy in the grand canonical oU do
ensemble is Cp>Cy, Cy= ar ="\ar
! N o—(eN—uN)/ v v
_ _ —(e,, — T
U=()=->2> ene g oU ov o
N n(N) Cp=|— P(=— =7 =
oT ) p oT ) p oT ) p
1o}
U= () =712 (8— logq) Monoatmc gas Cy = %NkB, Cp = gNkB
T A . Vy
Concentration and DeBroglie Wavelength ~ 1s0thermal Expansion oy —0; = Nlog -

Q= Nrlog {£

2/3
. . Tf _ .
Isoentropic Expansion o= (—V})

N 1 Y 2mwh?
-, ng = —&, =
v T T

Grand Potential
Q=U—-o1—uN
Q= —7logz

n =
mT
Internal Excitations

Expansion of the ideal gas to take into account
the additional energy states from internal

_ (—89) P (—89) N (—BQ) excitations.
or Vi oV T 8# T,V Zint = ZE—EQ/TVZ': 1+ Azinte_gn/T

System of Non-interacting Particles
The grand partition function for a system with
M energy states where nq is the number of
particles occupying a state is A=

M
2= ] tr 2= e "
a=1 Neg

Internal Excitation Corrections

n n
s =1 |log — —log zint
nQZint nQ

a—w)/T

F=Nrt [logl — 1} — Ntlog zint
nQ

c=N [log LI §] - (—aFmt)
ng 2 or )y

DOG (bork)

M M
U= Zeaf(fa): N = Z f(ea)
a=1 a=1
Fermions
ng =0,1
Z, =1+ e*(ﬂx*#)/"’ =1+ )\6*6(1/7'
Fermi-Dirac Distribution is the expected
number of a particles in a particular energy eq.
1 1

(na) = £(e) = o] = FTE T
For 7 — 0: f(ea) =6(ea — 1)
Bosons (sonsons)
ne =0,1,2,3,...
2y = 1 - 1 Kaedon.net /reference
1—e(Ca—m/T " 1 Ne—¢€al/T

Boson Distribution is the expected number of
a particles in a particular energy eq.

(na) = flea) = ! !

/T — 1 aletalT —1
Ideal Gas
Both fermions and bosons behave identically at
the classical limit eq — p >> 7.

(na) = fea) = e~ (Eamm/7
Q:ZANZN :Z)\Niz{\[ =M1
N N

N!
n 3 n
A=—, PV=N7r, U=-N7, p=r7log—
nQ 2 ng

e(fu



Chapter 1

Microcanonical Ensemble

Throughout this book we will refer to microscope and macroscopic systems. Using Quantum mechanics one can predict the
behavior of a small number of particles or similar small systems with high levels of symmetry. However, as the number
of particles increases, Schrodinger’s becomes practically impossible to solve. However the microscopic quantum states of
a system determine many measurable macroscopic properties, such as temperature, energy, volume or pressure. Towards
making predictions about these macroscopic properties is is useful to count the number of possible microstates for a given
macrostate.

Definition 1.0.1. The microcanonical ensemble is the system of calculations where the total energy, particle number,
and volume are fixed.

1.1 Multiplicity Functions

Definition 1.1.1. A Multiplicity function is the number of microstates that produce a given macrostate denoted
g(N,T,U,V, P) = # of microstates that fit the given macrostate

Assumption 1.1.2. Boltzmann’s Assumption - All accessible microstates are equally probable. Let P(n) be the proba-

bility that a system is in microstate n.
1

P) = N IOV, P)

Definition 1.1.3. The entropy of a system is defined as the natural log of the multiplicity function.
o(N,T,U,V,P) =log[g(N,T,U,V, P)]

Definition 1.1.4. The expected value of a property X of a system is determined by the average of that value across all
possible microstates.

1
(X) =Y X(n)P(n) = p > X(n)
Definition 1.1.5. The fractional uncertainty of a property X is defined in terms of the expected value.

AX /I &)

N N



1.2 Binary System

Definition 1.2.1. A binary system is a system of NV particles where each particles has two possible states. Let IV; is the
number of particle in the up state and V| be the number of particles in the down state.

N
NI
g(NaN): y g(NvN):QN
VT NN = Ny NEO T

Corollary 1.2.2. The binary system can be rewritten in terms of the differnce between up states and down states.

g(st) =

F+F-9r

Theorem 1.2.3. Stirling’s Approximation - for very large N the factorial can be very accurately approximated with the

following
log N!'~ NlogN — N

N = V2rNNNe™N

Proposition 1.2.4. Applying Stirling’s approximation to the binary model, for large N the multiplicity function and
fractional uncertainty are
2
9(N. 8) ~ g(N,0)e 2/

[ 2 2
N,S) ~ | —=2Ne 2 /N
g( ’ ) 7TN €

As 1
N VN
Ezample. Consider a system of N spin 1/2 particles in an external magnetic field B. The total energy U and magnetization
M of the system are

N
U=Y_—ni;- B=—(N; — N)mB = —2SmB
=1

M =2Sm

~U/B
N!

U N U
2mB)!(7 + 2mB)!

N 1 S N 1 S
NS~ — 2 log(=+2) (2 —S)log (=2
(N, S) <2+S> og 2+N (2 S) og(2 N)

M = Nmtanh(mB/T)

g(N’U) =

A/~ =z

Definition 1.2.5. An einstein solid is a system of N atoms where each atom is modeled as a harmonic oscillator the total
energy of the system is determined by the number of atoms n oscillating at frequency w.

U = nhw

(n+ N —1)!

g(N,n) = m
()" ()Y
g(Nm) ~ 2mn(n + N)/N




1.3 Thermal Equilibrium

Since the uncertainty of our system is extremely small for large N, the most probable state as determined by Boltzmann’s
assumption will determine the macrostate of the system.

Definition 1.3.1. The equilibirum state two systems is the most probable macrostate of the shared system.

gror(N,V,U) =" g1(N1, Vi, U{)g2(Na, V2, U — U})
U;
g1(N1, V1, U7)g2(Na, Vo, U — Uy)
gTOT(N> V7 U)

P(Uy) =
Ezample. Consider two isolated binary systems
91(4,2) and ¢-(6,0)

The initial condition of the two states are Ny = 4,57 = 2 and Ny = 6,5, = 0. Now, allowing contact between the two
systems the equilibrium state is the most probable state that conserves energy. To find this we need to maximize the total

multiplicity function
9(N1 + N2, 81, 85) = g1(N1, §1)g2(Nz, S3)

For this simple system the max is found when S] =1 and S} = 1.

Definition 1.3.2. Thermal equilibrium is reached when the energy derivative of the total multiplicity function is zero.

().~ (5%)
A1 ) v~ o0y ) v,

Definition 1.3.3. The temperature of a system is defined with the derivative of entropy ¢ in terms of energy U. Kelvin
temperature T is directly proportional to the fundamental temperature via the Boltzmann constant kp.

1_ (00
T \oU NV

T:kBT



Chapter 2

The Canonical Ensemble

Up until this point we’ve been working with closed systems where to total amount of energy is fixed. If the real world it is
often very difficult to thermally isolate a system. It is must easier to operate at a fixed temperature and a fixed number of
particles. We separate each of these cases into ensembles.

Definition 2.0.1. The canonical ensemble is the system of calculations where the temperature and particle number are
fixed.

2.1 Partition Function

Definition 2.1.1. The partition function determines how we calculate probability. For a fixed temperature we partition
by energy levels. The probability of a particular energy &, is given by

1
Pley) = —e /™

z
z = Z een/T
n
Corollary 2.1.2. For systems with degeneracy g(g,) for each distinct energy level €, the partition function can be rewritten.
z= Zg(aa)e_gah
o
Definition 2.1.3. The thermal average of X is the average across all energies).
_ _1 —en/r
X) Z X(n)P(n) = - Z X(n)e
Definition 2.1.4. The expected energy in the canonical ensemble is

1
U = <E> = ; Zgne_En/T

Example. One and many simple harmonic oscillators at temperature 7. Starting with a system of just one harmonic oscillator

we find .
n — = | hw
€ (n+2)

—hw/2T
1) hw e

2 = E e—(n+§)7 -
1 _e—hw/‘r

n

hw | hwe™M/m hw
- 2 1— e—ﬁw/r - 2 + e—ﬁw/T -1
Now, consider a system of N simple harmonic oscillators at temperature 7.

2N = Z o~ ¥ (eny ey toteny) 2N

n1,n2,...,; NN

U1 = <€>

0 0 Nhw Nhw
N 2 ATL2 o
Uy =(e)=71 aTlogzN—NT —aTlogz_ 5 +€—nw/7_1

=NU;



2.2 Reversible Processes

Definition 2.2.1. A quasi-static process is an idealization where parameters are changed so slowly that the system is
indefinitely close to thermal and mechanical equilibrium during the process.

Definition 2.2.2. A reversible process is a quasi-static process where the system retraces its steps if you reverse the
changes in the parameters.

Definition 2.2.3. The pressure of a system is defined as the negative derivative of energy with respect to volume.

Oen,
ne (%),

_85n> o _85n —en /T
v~ av ©

P=(

Proposition 2.2.4. For quasi-static compression the pressure is simply the derivative of energy with respect to volume.
01 ou oo
P=—-——- n _E"/T = — | — = e
aszn:E ‘ (av)a T(av>U
2.3 Helmholtz Free Energy

Definition 2.3.1. The Helmholtz Free Energy F of a system is defined in terms of the energy U the entropy o, S and
the temperature 7,7T.

Proposition 2.3.2. Equilibrium in the canonical ensemble is achieved when the Helmoltz free energy F' is minimized
oF =0, AF<0

Proposition 2.3.3. The entropy, pressure, and expected energy of a system in the canonical ensemble can be written in
terms of the Helmholtz free energy.

_ (9N p_ (OF a0 (F
= (%), r=(w), v ()

Proposition 2.3.4. The Helmholtz free energy is determined by the temperature 7 and partition function z.

F=—-7logz
2= efF/T
Definition 2.3.5. Maxwell relations are relations that are derive from the following form
df = Adx + Bdy
o0f _ 909f
Oy dx  Ox Oy
Proposition 2.3.6. Using Maxwell relations we can derive the following

dU = tdo — PdV
o\ _ (or
oV T_ or /v
oPy _ (0T
Jdo V_ ov ),



2.4 Ideal Gas

Definition 2.4.1. The concentration of a system is the inverse of the volume

Definition 2.4.2. The quantum concentration is the density of quantum state per particle. It is used to define when a
system will behave classically (when n << ng) and when a system will be dominated by quantum effects (when n >> ng).

1

Definition 2.4.3. The DeBroglie thermal wavelength is the wavelength of the wave functions of matter at a given
temperature.
2mh?

mT

Ar =

Definition 2.4.4. Single particle ideal gas is a system in the canonical ensemble consisting of a single particle in a box
of side lengths L. The energy levels, partition function and average energy are

h? w2 2 2 2
Mgy My, Mz = 2'm (f) (n:E + ny + nz)
3
_E"mvny*"’/z mT V nQ V
- — = _ (/=) = e _
e ;n ‘ ( V h?%) M TN
3
U1 = 57‘

V 3
Ulzlog )\73 +§
T

Proposition 2.4.5. Gibbs resolution states that for systems in the classical regime the partition function for an ideal gas

with N particles is
1
2N = ﬁ(«zl)N

3
UN: §NT

|4 5
= 1 _— —
o= oo (g 3|

Law 2.4.6. Ideal gas law states that the pressure and volume are related to temperature and particle number
PV =N~

PV = NkgT

2.5 Ideal Diatomic Gas

Definition 2.5.1. Single particle diatomic gas is a system in the canonical ensemble consisting of a a single particle in
a box with vibration and rotational excitation.The energy levels, partition function and average energy are

p? 1 K2
Ezne= o +(n+ §)hwmb + ﬁf(ﬁ +1)

V 200041
21 = Z (2€ + 1)6—[EKE+EVib+RRod/T — )\73 + Z e—(n—&-%)hw/‘r + Z (2£ + 1)6%/7
T n

pn,t V4

3
U, = §NT +6Uvip + URot

v
Uy = —7log (

)\3) + 6FVib + 6FR0t
T

10



2.6 Thermal Radiation

Definition 2.6.1. Photons - For light at a given frequency w = 27 f, the energy levels are
€s = shw, s=0,1,2,3,...

These energy levels are very similar to the simple harmonic oscillator E,, = (n + %)hw So we can use the example from
earlier to derive the partition function.

Z_Ze—sﬁw/T: - h/
— e w /T

efshw/'r

P(s) =

z

§ Sefshw/'r: -
e w/T _

i
(& =1

Definition 2.6.2. A thermal cavity or photon gas is a system in the microcanonical ensemble that describes the extension
of a single photon to account for all the possible frequencies in a chamber. Consider a cubic thermal cavity of side length L.
There are two possible polarizations for each of the three directions in the cube.

wN =7 n2 +nZ+n?= fﬁ
BV oo wS 7T2V 4
- - 22 ehwn/T -1 723 ), ehw/T — 1dw N 15(hc)3T
47T2V 3
0= ——=T
45(he)3
_1U
3V

Definition 2.6.3. The Stefan Boltzmann law states that the energy per unit volume of a thermal cavity at temperature

T is
U h /OO w3 LR
= = dw = T
Vo w2 ehw/T —1 15(hc)3

In classical physics, this energy is defined with an infinite sum that doesn’t converge. Therefore, the energy is infinite.
This is known as the ultraviolet catastrophe.

Definition 2.6.4. The spectral density function of a thermal cavity is the expected energy per unit volume per unit

frequency at a given frequency w
0 u h w3

OwV — w2c3 ehw/T — ]

Proposition 2.6.5. The maximal spectral frequency of a radiating object at fixed temperature is found when

3 — 3 wmax/T — hwmax
.
~ mmax
T 980

Proposition 2.6.6. From the 1st law of thermodynamics, entropy of thermal radiation is

A2V 3

"V = Bhep

Proposition 2.6.7. Furthermore the pressure of thermal radiation is

1U 2
p=-_— 4
3V~ 15(he)3




Proposition 2.6.8. The Heat capacity of the photon gas is

oU w2,
G = <aT> = 15(he)3

Towards deriving some useful insights from this model we will consider a small hole in the side of the cavity. This
represents a perfect black body. From the energy density and some geometry we can show that

uvu T,
= —_—— = —T
V'V 60(he)?

Definition 2.6.9. The Flux density is the energy emitted per unit time per unit area from a black body. It is related to
the temperature by the Stefan Boltzmann constant denoted op.

w2 w2kt
J = A B 4 _ ot
" 60(he)® ~ 60(he)? 75

Definition 2.6.10. The emissivity of an object is a factor between 0 and 1 that determines how much radiation is emitted
or reflected. An emissivity of 1 is a perfect black body and 0 is a perfect mirror.

Jreat = € Jp,

2.7 Phonons in a Solid

The excitations that we have been considering for light can also be generalized to describe vibrations and sound waves in
solid materials.

Definition 2.7.1. A phonon is a vibrational excitation in a solid. We will consider IV atoms in a lattice. The energy levels
are

es =shw, s=0,1,2,3,...

The energy levels can be used identically to the photon case to derive a partition function and the average number of phonons
at a given frequency and temperature.
—shw/T __
= Z ¢ - —hw/r

efshw/’r
Pl = <
—shw/T __
286 - ehw/T _
hw
<€> - ehw/T _ 1

Definition 2.7.2. A phonon gas is a system in the microcanonical ensemble that describes the extension of a single phonon
to account for the distribution of frequencies in a solid. The system uses a model of the distribution of frequencies to make
predictions

2.7.3 Einstein Model

The einstein model assumes that all the oscillations in a solid are at the same frequency w.
Proposition 2.7.4. With the Einstein model the average energy and heat capacity are

3N hw
ehw/T _ 1

- Fo\E  hwir
= _— = N e _—
Cv kB(é‘T)V,N ’ () (ol 1)

U =
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2.7.5 Debye Model

The Debye model takes into account the possible standing waves in the solid. For a given speed of sound cs; the Debye

frequencies are
TCs
- 2 2 2 _
Wnyny,ne = I ng + ny +n; =

TCs
77

For phonons, there are three modes of polarization. Unlike the photon case where the frequency continues to infinity,
there is a maximum oscillation frequency that the solid can support. This frequency is determined by the spacing of the
lattice and the speed of sound.

Definition 2.7.6. The Debye cutoff frequency wp is the maximum oscillation frequency that the solid with N atoms,
volume V', and speed of sound cg can support.

Proposition 2.7.7. The average energy of the phonon gas is determined by the following integral.

U*XH/WD thdw
0 €w/7-—1

= 3
2712 ¢,
In the dimensionless variable = hiw/T the energy is

U

et —1 T

3 Vvt /‘TD x3dx . hwp
~ 272(hes)? J, b

Proposition 2.7.8. In the low 7 limit(r << hw), this integral can be evaluated exactly. The average energy and heat
capacity at this limit are
3cd it

= 5w w2 (he,)?

oU 127T4Nk3
Oy = = — B s
v (8T>N_’V 5(wphcs )3
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Chapter 3

Grand Canonical Ensemble

Up until this point we’ve been working with a system where to the total number of particles is fix. In the Grand Canonical
Ensemble the particle number of the system is allowed to exchange with the environment.

Definition 3.0.1. The chemical potential can be used to determine if a system is in diffusive equilibrium.

(%)

K=\ 2%

ON ™V

Remark. When several species of particles are present each species has it’s own p. In the grand canonical ensemble, each of
these chemical potentials is fixed by the environment.

Proposition 3.0.2. Using thermodynamic relations we can derive the following alternate equations for the chemical potential

=r7lo N/\% =r7lo L = -7 8—0 = an
eV ) T T \ng) T T N ), T \aN ),

3.1 Grand Partition Function

Definition 3.1.1. The grand partition function determines the probability of a given energy. For a fixed temperature
and chemical potential, the probability of a particular energy ¢,, is given by

P(N, ) = %f(e%w)/r

7, = Z)\N Z eme /T = Z)\NZN
N s(N) N

Definition 3.1.2. The fugacity is the effective partial pressure of a real gas denoted A that can be used to write the grand
partition function.

A= eh/T
7= Z/\N Z e—ss/'r
N s(N)

Definition 3.1.3. The diffusive average of X is the average across all energies
1 N
(X) = - 3 STH(N, s)e N
Proposition 3.1.4. The average number of particles can found from the grand partition function.
0 0
N=(N)=7—1 =A—1
(N) "o l08n= Agy logz

Proposition 3.1.5. the expected energy can be found from the grand partition function.

1 N
U=(e)==Y > ele EnnNim =2 ((,?Tlogz,)
A

14



3.2 Grand Potential

Definition 3.2.1. The grand potential is a measurement similar to the Helmholtz free energy to determine if a system is
in equilibrium.
Q=U—-or —uN
Proposition 3.2.2. Equilibrium in the grand canonical ensemble is achieved when the grand potential is minimized.
aN=0, AQ<O0
Proposition 3.2.3. The grand potential can be determined from the grand partition function

Q= —7logy

Proposition 3.2.4. The entropy, pressure, and average particle number can be written in therms of the grand potential.

=), )., &)
o7 )., wv),, o),y

3.3 Fermions and Bosons

Proposition 3.3.1. The grand partition function for a system with M energy states where n,, is the number of particles

occupying a state is
M
7= H by Ty = Ze—na(aa—u)/T
a=1 N

For such a system with energy states and particles to occupy those states there are two possibilities.

Definition 3.3.2. A fermion is a particle with half integer spin. Each energy state can only be occupied by 1 particle.
neg = 0,1
Z, =14+ e~ Ea=m)/T — 1 4 NemEa/T

Definition 3.3.3. The fermi-dirac distribution is the expected number of a particles in a particular energy state £, for

fermions.
1 1

eGamm/mT +1 A leta/m +1

(na) = f(ea) =

Proposition 3.3.4. For the zero temperature limit 7 — 0, the fermi dirac distribution is a step function centered at the
chemical potential.

f(ea) =0(ea — 1)
Definition 3.3.5. A boson is a particle with integer spin. Each energy state can be occupied by many particles.
ne =0,1,23,...

B 1 B 1
fo = T omGami/7 1 _ re—calT

Definition 3.3.6. The bose-einstein distribution is the expected number of particles in a particilar energy state e, for

bosons.
1 1

(na) = f(ea) = eCa—m/T —1  Nlesa/T —1

Proposition 3.3.7. the expected energy and expected number of particles for both fermions and bosons can be found from
the expected occupancy function

M M
U:ZEQf(Ea), N:Zf(ga)
a=1 a=1

Proposition 3.3.8. Both fermions and bosons behave identically at the classical limit €, — p >> 7. This agrees with Gibb

resolution from the canonical ideal gas.
(ng) = e~ (Fa—m)/7

logz, = Az
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3.4 Grand Ideal Gas

We now have the definitions to consider the ideal gas in the grans canonical ensemble.

Proposition 3.4.1. For an ideal gas in the grand canonical ensemble the following equations hold

(na) = f(ea) = e~ (Camm)/T

1 z
q:ZANzN:ZANmz{V:eA !
N N

3
)\:i, PV =N7r, U==Nr, M:Tlog£
nQ 2 nQ
UN{lognQ+5}, FNT[lognl}
n 2 ng

Definition 3.4.2. The heat capacity of a material is the change in heat energy with respect to temperature when fixing
volume or pressure.

(0Q)v = CyoT
(0Q)p = Cp0T

Proposition 3.4.3. For an ideal gas the heat capacities with fixed volume and pressure are

oy — (92U _ (9=
v=\ar),~"\or),

oU oV oo
= (= plZL e
cr (6T>P+ <8T>p T(@T)p
Cp>Cy

Proposition 3.4.4. For a monoatomic ideal gas the heat capacities are

3

)

Ezample. Isothermal Expansion - Consider the case of the slow isothermal expansion of an ideal gas. In this case, no
energy is exchanged with the environment. Work is done on the piston and heat energy flows into the system.

AU =0, UZgNT, Q>0

V]
Uf—oi:Nlogi

?

Vi
= Nt1log —=
Q TOgVi

Ezample. Isoentropic Expansion - Consider the case of the slow isoentropic expansion of an ideal gas. In this case, the
entropy of the gas is fixed.
Ac=0, Q=0

16



3.4.5 Ideal Gas with Internal Degrees of Freedom

We can extend this model of an ideal gas to consider the effect of internal degrees of freedom.

Definition 3.4.6. An ideal gas with internal degrees of freedom is an expansion of the ideal gas to take into account
the additional energy states from internal excitations.

Zint = e =T
o

7,= 1+ Az /7

Proposition 3.4.7. For an ideal gas with internal degrees of freedom the following equations hold

A= 1
nQ=zint
n
PR

nQ

n

F=Nr [log — 1} — N7log zint
nQ

o n 5 8Fl‘m§
“N[l‘)gn@*a] ( or >V
3.5 Fermi Gas

At low temperature the fermi-dirac distribution acts like a step function at p. This critical energy emerges at quantum
concentrations.

Definition 3.5.1. The fermi energy denoted ep is the highest occupied energy level at 7 =0
er = p(r =0)

Definition 3.5.2. The ground state energy is the expected energy at zero temperature.

Definition 3.5.3. The density of states denoted D(e) is number of available states per unit energy.
[ee]
() =3 fleakin = [ DESEX():
0
n
Proposition 3.5.4. The expected energy and expected number of particles can be written in terms of the density of states

U= /oo eD(e)f(e)de

0
N = h D(e)f(e)de
0

At 7 = 0, the integrals can be reduced

Ulr = 0) = /F eD(e)de

0
N(r=0)= -’ D(e)de
0
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Consider a fermi gas of V spin—% particles in a 3d box at 7 = 0.

22
hems

:mn, ’I’L:1,2,3,47...

En
h2n?
°F T omI2"'F
Proposition 3.5.5. By counting the N particles in the gas we can find the fermi energy.

3 3N 1/3
NZ?Tn?F = nf=<>

™

TF

h? <3W2N>2/3 K2 2/3
Er — =

_ _ 2
T 2m %4 T 2m (SW n)

Proposition 3.5.6. Using this temperature, we can find the ground state energy and pressure

3
UOZENSF
20Uy
Py=:222
T3V

Proposition 3.5.7. For a fermi gas the density of states is
vV o/2m\>/? 1/2
pe) =55 (%) <

Proposition 3.5.8. For small 7 << ep, the chemical potential and expected energy are

2 .2
/J(T << EF) =ep|1-— l%
12 %

2 2
Ulr << ep) = U+ = () Nep
4 ER

3.6 Bose-Einstein Condensate

Bosons at quantum concentration form a Bose-Einstein condensate. At 7 = 0 all the particles can fit in the ground state.
For low temperature the expected number of particles in the ground state approaches V.

Definition 3.6.1. The Condensate denoted Ny(7) is the number of particles in the ground state.

1

No(7) = (ne,) = f(0,7) = o — 1

lim No(7) =N
T—0
Definition 3.6.2. The Normal Phase denoted N,(7) is the number of particles not in the ground state.
Ne(T) =N — No(t)

Proposition 3.6.3. At low 7 = 0, the following limits apply

.
N()’TN
(7) p—
.
HQZ?O*N
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Consider a boson gas of N Spin—% particles in a 3d box at 7 = 0.

mPa? 2 2 P o
En = 2mL2(nT“ +n, +n;) = o2 = 1,2,3,4,...
Proposition 3.6.4. For a 3d boson gas the condensate is
1 1

Ny =

en/T—1 AT _1

Proposition 3.6.5. For a 3d boson gas the normal phase is

NV (m 3/2/00 e1/2de
C 4n2 \ h 0 Ales/m —1

Proposition 3.6.6. For a 3d boson gas the maximum possible value of the normal phase at a fixed temperature 7 is

3/2 . 0o 1/2d 3/2
N, =L <2m> 73/2/ z f ~ 2.612 (ﬂ) = 2.612nQV
0

472 \ h2 er — 2mh?

Ne(r) _ 9 g127@
n

Definition 3.6.7. The critical concentration denoted ng is the smallest concentration with bose-einstein condensation.
N,
np = ) ‘)/W = 2.612nq

Definition 3.6.8. The critical temperature denoted 7 is the maximum temperature with bose-einstein condenstation.

_27Th2( n )3/2

E= 0 2612

Proposition 3.6.9. For 7 < 75 the normal phase and condensate are approximately

N.(r)=N (T>3/2
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Chapter 4

Thermodynamics

Now we have developed the necessary technology to derive derive the laws of thermodynamics. This chapter will focus on
applications of thermodynamics and the macroscopic implications of the relations we have derived.

Law 4.0.1. The First Law of Thermodynamics states that the total energy of a closed system is conserved.
dU = dQ + dW,  for reversible process: dU = tdo + dW

Definition 4.0.2. Work is energy transfer that does not change entropy.

Definition 4.0.3. Heat is energy transfer that does change entropy.

4.1 Heat Engines and Refrigerators

Definition 4.1.1. A heat engine is any devices that converts transfer of heat into work, Qg /og denotes the heat/entropy
transferred from the hot reservoir, Q¢ /oc denotes the heat/entropy transferred to the cold reservoir, and W denotes the
work extracted.

Proposition 4.1.2. For a reversible heat engine, the entropy transferred from/to the hot/cold reservoir is determined by

Qu Qc
) oc = —
TH TC

oH

Definition 4.1.3. The engine efficiency denoted 7 is the amount of work extracted per unit of heat transferred.

_ W _Qu-Qc
Qu Qu
Definition 4.1.4. The carnot efficiency denoted 7). is the engine efficiency of a reversible heat engine.
po1-9¢ _4_T
Qu TH

Proposition 4.1.5. The engine efficiency of an engine is less than or equal to the carnot efficiency.

Qc Qc
! S e (Ch{)real Z (C\?H>7~ev

Proposition 4.1.6. The carnot engine cycle can be constructed by four segments of expansion and compression.
1. Isothermal expansion from oy, to og.
2. Isoentropic expansion from 74 to 7¢.

3. Isothermal compression from oy to op.

>~

. Isoentropic compression from 7¢ to 7.

20



Definition 4.1.7. A refrigerator is any device that converts work into transfer of heat, Qp/og denotes the heat/entropy
transferred to the hot reservoir, Q¢ /oc denotes the heat/entropy transferred from the cold reservoir, and W denotes the
work used.

Proposition 4.1.8. For a reversible refrigerator, the entropy transferred to/from the hot/cold reservoir is determined by

~ Qu Q¢
=—, oc=—
TH TC

OH

Definition 4.1.9. The coefficient of performance denoted 7y is the amount of heat transferred per unit of work used.

~ Qu Qc
y= =

W Qu-Qc
Definition 4.1.10. The carnot coefficient of performance denoted 7. is the coefficient of performance of a reversible

refrigerator.
1 1 TC

%:%—f—lzﬂ— T 7w

TC
Proposition 4.1.11. The coefficient of performance of a refrigerator is less than or equal to the carnot coefficient of

peI fOI mance.
= ’yc ( ) ea = < > re
QC real QC v

Proposition 4.1.12. An analygous carnot refrigerator cycle can be constructed by simply reversing the direction of the
carnot engine cycle.

4.2 Gibbs free energy

The isothermal-isobaric ensemble describes systems with fixed temperature, pressure and particle number (7, P, N). Such a
system is common under atmospheric conditions and there is a concept analogous to the Helmholtz free energy for this case.

Definition 4.2.1. The Gibbs free energy denoted G is minimized at equilibrium for a system in the isothermal-isobaric
ensemble.

G=U-—-10+PV

Definition 4.2.2. The effective work done by a system is work done by a system other than from volume change denoted
w'.

Proposition 4.2.3. For reversible processes the effective work done is equal to the change in Gibbs free energy.
dw' = dG

Proposition 4.2.4. The entropy, volume, and chemical potential of a system in the isothermal-isobaric ensemble can be
written in terms of the Gibbs free energy.

(96 (% (%
- ot )pn - oP). N o ON ). p

4.3 Enthalpy

For systems at constant pressure but not fixed temperature, there is another concept analogous to the Helmholtz free energy.
Definition 4.3.1. The enthalpy denoted H is minimized at equilibrium for a system at constant pressure.
H=U+PV

Proposition 4.3.2. For reversible processes the effective work done is equal to the difference in change in enthalpy and
change in heat energy.
dW' = dH — dQ

Proposition 4.3.3. The temperature, volume, and chemical potential of a system in the isothermal-isobaric ensemble can
be written in terms of the Gibbs free energy.

_(omy (o _ (o
T do P,N’ ~\oP a,N7 "= ON o,P
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4.4 Chemical Reactions
Proposition 4.4.1. The Gibbs free energy can be written in terms of the chemical potential and particles number.
G=Nu

For a chemical reaction we often need to consider multiple species of particles that react with eachother. To do this we
will consider the total Gibbs free energy of the system.

Proposition 4.4.2. The total Gibbs free energy for a system of multiple particles is
G=Y Nu
J
Definition 4.4.3. The chemical equation number v is the sign and magnitude of dN relative to the other components

of the reaction. For products v < 0 and for reactants v > 0.

Proposition 4.4.4. Equilibrium for a system of multiple particles is reached when

J
> ving =0
J
Proposition 4.4.5. Law of Mass Action - For the ideal gas model the equilibirum constant K (7) only depend on 7.

_ Vi __ Vj 2] _ vi —u;Fnt )y
K(r)=[Iny =11n8 2, = 1106 67"
j j j

Let U(z,y,t =0) =

m% |0 (t)) = % (P2 +p3) (1))

po s (T,Y) = et (Pzr+pyy)/h

2T
o= [ [ G )W)y

|\Ij(t)> = Z Z cpm Py eiiEpI Py t/h |S0P:mpy >

Pe Dy
Michigan State University
Society of Physics Students
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